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JT"!' 1. Introduction 
(-H ; 

■ In this article we investigate solutions of the ^-Laplace equation on canonical 

r-| ! domains in the n- dimensional Euclidean space. 

^ \ Suppose that D is a domain in M", and let /: D — )■ M be a function. For s > 0, 

^ ■ a subset A G D is called s-zone (stagnation zone with the deviation s) of /, if there 
exists a constant C such that the difference between C and the function / is smaller 

^ ! than s on A. We may, for example, consider difference in the sense of the sup norm, 
^ ' 

00' - C||c(A) = sup - C| < s, 

)Q ' the L^-norm 

g: ||/(x)-C|U.(A) = \f{x)-C\^d'H''j <s, 

OO '. A 

O ■ or the Sobolev norm 

: ll/(^) - cWw^iA) = (1 |v/(x)i <s, 

where 'H'^ is the dimensional Hausdorff measure in M". 

For discussion about the history of the question, recent results and applications, 
see 

Some estimates of stagnation zone sizes for solutions of the ^-Laplace equation 
on locally Lipschitz surfaces and behaviour of solutions in stagnation zones, were 
given in |Mik07] . In this paper we consider solutions of the ^-Laplace equation in 
subdomains of of a special form, canonical domains. In two-dimensional case, 
such domains are sectors and strips. In higher dimensions, they are conical and 
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cylindrical regions. The special form of domains allows us to obtain more precise 
results. 

Below we study stagnation zones of generalized solutions of the ^-Laplace equation 

div^(a;, V/) = 

(see |HKM93j ) with boundary conditions of types (see definitions 1 1 . 61 and 11.101 below) : 

(^(x, V/),n) = 0, xedD\G 

and 

/(^(x,V/),n) = 0, xedD\G 

on canonical domains in the Euclidean n-dimensional space, where G is a closed 
subset of dD. We will prove Phragmen-Lindelof type theorems for solutions of the 
^-Laplace equation with such boundary conditions. 

Canonical domains. Let n > 2. Fix an integer k, 1 < k < n, and set 

4(x)=(x:^0'^'- 

1=1 

We call the set 

Bk{t) = {x : dk{x) < t} 

a /c-ball and 

S,,(t) = {x G M" : dk{x) = t} 

a /c-sphere in M". In particular, the symbol Sfc(O) denotes the fc-sphere with the 
radius 0, i.e. the set 

Efc(O) = {x= (xi, . . . ,Xk,. . . ,Xn) : xi = . . . = Xk = O}. 

For every < < n we set 

Pkix) = ( ^ ■ 

j=k+i 

and 

E*(t) = {x e M" : Pkix) = t}, t> 0. 
Let 0<Q;</3<oobe fixed, and let 

^1/3 = {xeW:a< Pkix) < (3}. 

For k = n — 1 we also assume that x„ > 0. Then for k = n — 1 the -D^^^ is the a layer 
between two parallel hyperplanes, and for 1 < k < n — 1 the boundary of the domain 
D^^p consists of two coaxial cylindrical surfaces. The intersections Sfc(t) fl Da,i3 
precompact for all t > 0. Thus, the functions dkix) are exhaustion functions for ^. 
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Figure: 2 (left) and Dj^ in R^. 

Structure conditions. Let D be a subdomain of M" and let 

be a vector function such that for a.e. x G -D the function 

A{x, : ^ M" 

is defined and continuous with respect to ^. We assume that tlie function 

X A{x, ^) 

is measurable in the Lebesgue sense for all ^ G M" and 

(1.1) ^(x,AO = A|A|P-M(x,0, AgM\{0}, p>l. 

Suppose that for G D and for all ^ G M" the following properties hold: 

(1-2) z/iier< (e,^(x,o), i^(a:,oi<^2ier' 

with p > I and some constants z/i, z/2 > 0. We consider the equation 

(1.3) div^(x, V/) = . 

An important special case of (II. 3p is the Laplace equation 

1=1 ' 

As in |HKM93t Chapter 6], we call continuous weak solutions of the equation (11. 3p 
A-harmonic functions. However we should note that our definition of generalized 
solutions is slightly different from the definition given in |HKM93| p. 56]. 
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Frequencies. Fix t > and p > 1. Let O be an open subset of (witli respect 

to tlie relative topology of E^(t)), and let V he a nonempty closed subset of dO. We 
set 



[lA) Ap,p(0) = inf 



/ 

o 



Vu\PdU 



n-1 



n-1 



O 



where u G Lipi„,(0) n C%0) with u\v = 0. If V = dO we call Ap(0) = Xp,v{0) the 
first frequency of the order p > 1 of the set O. IfVj^ dO the quantity Xp^p{0) is the 
third frequency. 

The second frequency is the following quantity: 



IVuiPdn 



n-1 



[1-5) f^p{0) = sup inf 



o 



o 



where the supremum is taken over all constants C and u G LipiQj,(0) fl C°(0) . See 
also Polya and Szego |PS51] . Lax |Lax57] . 

Generalized boundary conditions. Suppose that D is a proper subdomain of 
W^. Let (y?: D — > M be a locally Lipschitz function. We denote by Diy{ip) the set of 
all points x G -D at which ip does not have the differential. Let U C -D be a subset 
and let d'U = dU \ dD be its boundary with respect to D. If d'U is (?^"~^, n — 1)- 
rectifiable, then it has locally finite perimeter in the sense of De Giorgi, and therefore 
a unit normal vector n exists "H^'^-almost everywhere on dU |Fed69[ Sections 3.2.14, 
3.2.15]. 

Let D C M" be a domain and let G C dD be a subset of the boundary of D. 
Define the concept of a generalized solution of (11. 3p with zero boundary conditions 
on dD \ G. A subset U C D is called admissible, if f/ fl G = and U has a 
{'H"'~^,n — l)-rectifiable boundary with respect to D. 

Suppose that D is unbounded. Let G C dD be a set closed in U {oo}. We 
denote by (G, D) the collection of all subdomains U C D with dU C {D Li {dD \ G)) 
and ("H""^, n — l)-rectifiable boundaries d'U = dU \ dD. 

1.6. Definition. We say that a locally Lipschitz function /: — M is a generalized 
solution of (11.31) with the boundary condition 

(1.7) {A{x,Vf),n) =0, xedD\G, 
if for every subdomain U G {G,D), 

(1.8) n''-'[d'unD,if)] =0, 
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and for every locally Lipschitz function ip: U \ G ^M. the following property holds: 
(1.9) / v^(^(x,V/),n)rfH"-i= /(^(a;,V/),V^)rfH". 



d'U U 

Here n is the unit normal vector of d'U and dH"^ is the volume element on R". 

1.10. Definition. We say that a locally Lipschitz function /: D — > M is a generalized 
solution of (11. 3p with the boundary condition 

(1.11) /(^(a;,V/),n) = 0, xedD\G, 

if for every subdomain U G {G, D) with (11.81) . and for every locally Lipschitz function 
: \ G — 7- M the following property holds: 

(1.12) j vp/(^(x,V/),n)rfH"-i = J{Aix,Vf),Wiipf))dn\ 

d'U U 

In the case of a smooth boundary dD, and / G C'^{D), the relation ( 11. 9p implies 
(11.31) with (ll.7p everywhere on dD \ G. This requirement (I1.12p implies (II. 3p with 
(iLTTj) on dD \ G. See [MikOSl Section 9.2.1]. 

The surface integrals exist by (II. 8p . Indeed, this assumption guarantees that V/(x) 
exists ?/"~^-a.e. on d'U . The assumption that U G (G, D) implies existence of a 
normal vector n for "H^'^-a.e. points on d'U |Fed69t Chapter 2 Section 3.2]. Thus, 
the scalar product {A{x, V/) , n) is defined and finite a.e. on d'U . 

2. Saint- Venant principle 

In this section, we will prove the Saint- Venant principle for solutions of the A- 
Laplace equation. The Saint- Venant principle states that strains in a body produced 
by application of a force onto a small part of its surface are of negligible magnitude 
at distances that are large compared to the diameter of the part where the force is 
applied. This well known result in elasticity theory is often stated and used in a loose 
form. For mathematical investigation of the results of this type, see e.g. [BTOSj . 

In this paper the inequalities of the form (12. 3p . (12. 2p are called the Saint- Venant 
principle (see also, |UY77t IBTOSj ). Here we consider only the case of canonical 
domains. We plan to consider the general case in another article. 

Let < A; < n. Fix a domain Dq in M'^ with compact and smooth boundary, and 
write 

D = DoX M"-^' = {x G M" : (xi, . . . , x^) G Dq}. 
We write V = {x E dD : pk{x) = a} and Q = {x e dD : pk{x) = /?} and G = P U Q. 
Let t, r G (a, /3), t < r, and 

/\^{t,T) = {x e D -.t < pkix) < t} . 

For s > we set 

a'is) = {x e A'{0,oo) : pk{x) = s} . 
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2.1. Theorem. Let a < t' < t" < /3, and let < k < n. If f: D ^ R is a 
generalized solution of (11. 3p with the generalized boundary condition (11. 7p on dD\G, 
then the inequality 



(2.2) /i(t, r') + Cr{t)/u, < {hit, r") + C^{t)/u,) exp 



1^2 



holds for all t G (a, r']. 

If f : D ^ M. is a generalized solution of (II. 3p wzi/i i/ie generalized boundary con- 
dition (II. lip i/ien 



(2.3) hit, r') + C2(t)/z/i < {hit, r") + C2(t)//^i) exp 



^2 



holds for all t G (a, r']. iJere 



/i(t,r) 



iV/l^'d'H" 



and 
(2.4) 



Z^(r) = {x G S*(r) n OD : lim /(y) = 0}. 



Proof. The case A. At first we consider the case in which / is a generalized solution 
of (ll.3p with the generalized boundary condition (II. lip on dD \ G. It is easy to see 



that a.e. on D'^ ^, 



\Vpkix) \ = 1. 

The domain A'=(t,r) belongs to iG,D). Let f7\ G — J- M be a locally Lipschitz 
function. By (I1.12p we have 



^f{Aix,Vf),ri)dn 



n-l 



{Aix,Vf),Vi^f))dK'. 



9'A'=(t,r) 



Afc(i,T) 



But 



&/\\t,T) = (j''it)Ua\T). 
For = 1, we have by ([LSD and ([HI]) 



yihit.r) < j iAix,Vf),Vf) 



dW 



f{Aix,Vf),Vpkix))d'H 



n— 1 



f{Aix,Vf),Vpkix))d'H 



n— 1 
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since n = Vpfc(a^) for x G cr'^(r) and n = —Vpk{,x) for x G cr'^if). We obtain 

(2.5) yih{t,T) + C2{t)< J f{A{x,Vf),Vpk{x))dH''-' 

(r) 

where 

C2it)= J f{A{x,Vf),Vp,{x))dn--\ 

al<:{t) 

Note that we may also choose 



(2.6) 



/(^(x,v/),vpfc(x)) dn 



n-l 



(r) 



to obtain an inequahty similar to (12. 5p . 

Next we will estimate the right side of (12. 5p . By (II. 2p and the Holder inequality 



f{Aix,Vf),Vpkix))dn 



n-l 



< J \f\\A{x,Vf)\dK^-'<u2 J IfWVfr'dH''-' 



<^2( j m'd'K'-' 

cr^ (r) 



i/p 



\vffdn 



(p-l)/p 



By using (11. 4p we may write 

(2.7) I \frdn'^-'<x;^,^,^^y{T)) I \vf\^dw-' 

and 

/(^(x,V/),Vpfc(x))rf?^"-i <^2A^-^/;^)(a'=(r)) ^ \V dU'-' 



(t''-(t) 

By (12. 5 p and the Fubini theorem 



i^i /i(t, r) + C2(t) < \-J%){a\r)) ^(t, r) 



and 



^AX.)(-^W)<f(^,-)/(A(t,r) + 



8 V.M. MIKLYUKOV, A. RASILA AND M. VUORINEN 

By integrating this differential inequality we have 



exp 



I / A*,,,(.'(r))* 



< 



h{t,T")+C2{t)/u^ 

hit,r') + C2it)/iy, 



for arbitrary t',t" G (a,/?) with r' < t". We have shown that 
(2.8) h{t,r') + C,{t)/u, < {h{t,r") + C,{t)/u,) exp [ - ^ ^ X'X^^cr'.ir)) dr 

t' 

The case B. Now we assume that / is a generalized solution of (11.31) with the 
boundary condition (11.71) on dD \ G. Fix t < t. By choosing = 1 in (II. 9p we see 
that 

j (^(a;,V/),n)rf-H"-i = 0. 

fT'=(t)U(T*(T) 

For an arbitrary constant C, we get from this and (II. 9p 



(2.9) 



Thus 



j {f-c){A{x,vf),n)dn''-'= J {A{x,vf),vf)dnr 



(7*(t)Uo-*=(T) 



A'=(t,r) 



j {A{x,Vf),Vf)d'H''<C,it)+ j \f-C\\Aix,Vpk{x))\d'H''-\ 

A'=(t,T) o-'=(r) 



where 
or 

(2.10) 



Ci{t)= [ \f-C\\A{x,Vpk{x))\d'H"-\ 



cr^ (r) 



i/p 



As above, we obtain 
(2.11) 

j \f -c\\vff-Un"-' < j \f-cfdn"-' 

By using (II. 5p we get 

(2.12) j \f -C^l^dU'^-'^y' <^;^'na\T))(^ j \VfYdW~^ 



{p-i)/p 



1/p 



(r) 



(r) 
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where C3 = Csif) is the constant from ^2^. Then by (12TT]) and (l212ll . 



J \f-Cs\\VfrUW^-'<^,^\a\T)) J \Vf\^dU 
and by (12.101) we have 

(t) 

or 

By integrating this inequahty we have shown that 



5 

71-1 



(2.13) Ji(t,r') + Ci(t)/z/i < (Ji(t,r") + Ci(t)/z/i) exp 



3. Stagnation zones 



T 

1^2 J 



□ 



Next we apply the Saint- Venant principle to obtain information about stagnation 
zones of generalized solutions of the equation (ll.3p . We first consider zones with 
respect to the Sobolev norm. Other results of this type follow immediately from 
well-known imbedding theorems. 

Stagnation zones with respect to the Vl^p-norm. We rewrite (12. 2p and (12.31) in 
another form. Let < k < n and let < a < /3. Fix a domain Dq in with 
compact and smooth boundary, and write 

D = DoX M"-'^ = {x G M" : (xi, . . . , x^) G Dq}. 

We write 



For X G D^ jj and 



PkW =Pk{x) — 

(3 — a 



(3.1) /3 2 

we have 

and we denote 



-/3*<p*(x)</3* 



= {xGR":-/3*<p^(x)<n. 
Let < r' < r" < We write 

(3.2) A*^\r\r") = {xeD:r' <pl{x)<r"} 
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and 
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A*.'=(t',t") 

Let < r' < r" < P*. By ([23D we have for t G (-r, r) 



hit, r') + C4(t)/z/i < (/2(t, t") + C4(t)/z/i) exp 



V2 



where 
(3.3) 



Z){r) = {x^dD: p^x) = r A hm f{y) = 0}. 



By choosing the estimate as in fl2.6p we also have 
l2{-r',t) + C,{t)/u, < {l2{-r",t) + C,{t)/u,) exp 



1^2 



where 

(3.4) a*^\s) = {xe A*'\-oo, oo) : p*(x) = s} . 

By adding these inequahties and noting that C4^(t) + C4{t) = we obtain 
l2i-r',t) + hit,T') < {l,(-r",t) + h{t,T")) 



X max < exp 







,exp 






1^2 J 



Thus we have the estimate 
(3.5) /2(-r,r')</2(-r",r" 



X max < exp 



V2 







,exp 


[--/ 




1^2 J 



Similarly, from (12. 2p we obtain 
(3.6) l2{-r\r')<h{-r\r") 



X max < exp 



— r r 

-— / /ip(a*''=(r))rfr , exp -— i^p{a*^'' (t)) dr 

^2 J ^2 J 



From this we obtain the following theorem on stagnation VTp-zones: 
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3.7. Theorem. Let < k < n, /3 > a > 0, and let -(3* < t' < r" < /3* where /3* is 
as in (13.11) . If f is a solution of (11.31) on D with the generalized boundary condition 
ffLTI) on dD \ G, where G = {x E dD : pl{x) = ±f3*} and 



max < exp 



1^2 



/i,(a*'^r))rfr 







,exp 


[--/ 




J 



< s 



or a solution of (ll.3p on D with the generalized boundary condition (II. lip on dD \ G 
and 



max < exp 



V2 







,exp 


[--/ 




J 



< s 



1/p 



then the subdomain A*''^(— r', r') is a s-zone with respect to the Wp-norm i.e., 

j \vf\^dn-<s, 



A*>'=(-r',T') 



where A*' is as in (13. 2p . 



Stagnation zones with respect to the L^-norm. Let /3 > a > 0, and let —(3* < 

t' < t" < 13* where 13* is as in (l3All . 

Denote by C5 the best constant of the imbedding theorem from Wp{D*p^) to 
LP{D*^'^), i.e. in the inequahty 

if such constant exist (see Maz'ya |Maz85] or |AF03] ). Then we obtain from (13. 5p . 
dM]) 

(3.8) 11/ - Cr^,(^.,,(_^,^,)) < Cih{-r",r") 



X max exp 
and 



— T T 

^ / A;g;(.)(a-'=(r))c^rj,exp[-;^|Aj/|.(^)(a*'^(r))rfr 



(3-9) \\f-C\\l^^,,^<Clhi-r",r") 



X max < exp 



^2 



fip{a*'\T)) dr 







,exp 






^2 J 



/i,(a*'^r))rfr 



These relations can be used to obtain information about stagnation zones with respect 
to the I/^-norm. Namely, we have: 
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3.10. Theorem. Let < k < n, and let 

D = DoX M"-'^ = {xe M" : (xi, . . . , x^) G Do}, 

where Dq is a domain in Ml' with compact and smooth boundary. If f is a solution 
of (11. 3p on D, with the generalized boundary condition (11. 7p (or (II. lip ) on dD \ G, 
where G = {x E dD : pl{x) = ±f3*}, and the right side of (13. 8 p (or (13. 9p ) is smaller 
than s > 0, then the domain A*'^(— r',r') is a stagnation zone with the deviation 
in the sense of the V-norm on D. 

Stagnation zones for bounded, uniformly continuous functions. Let /3 > 

a > 0, and let -/3* < r' < t" < (3* where (3* is as in fIXT]) . 

As before, denote by Cq the best constant of the imbedding theorem from Wp{D*p'^) 
to C(i5^^), i.e. in the inequality 

(3.11) 



\9 



if such constant exists. For example, if the domain D*^'^' is convex, then (13. lip holds 
for p > n (see Maz'ya [M az85 ] or |AF03l p.85]). 
In this case from fl3.5l). fl3.6ll we obtain 



(3.12) \\f-C\\ciA*.H-r',r')) < Clh{-T\T 

l/p 



X max < exp 



^2 



*''=V))dr 







,exp 


[--/ 




^2 J 



*,k I 



T 



))dr 



and 

(3.13) 11/ - C|b(A..^(^.',.')) < Clh{-T",T") 

^*^^{T))dT 



X max < exp 



— / /^p(f^' 







,exp 


[--/ 




1^2 J 



These relations can be used to obtain theorems about stagnation zones for bounded 
uniformly continuous functions. 



3.14. Theorem. Let < k < n. If f is a solution of (ll.3p . p > n, on D where D is 
as before with the generalized boundary condition (I1.7P (or (II. lip ) on dD \ G where 
G = {x e dD : pI{x) = ±f3*}, and the right side of (13.120 (or (13.130 ) is smaller than 
s > 0, then the domain A*''^(— r', r') is a stagnation zone with the deviation s in the 
sense of the norm || ■ ||co(A*''=(-r',r'))- 

4. Other applications 

Next we prove Phragmen-Lindelof type theorems for the solutions of the ^-Laplace 
equation with boundary conditions (11.71) and (11.111) . 



(4.2) 
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Estimates for lyp^-norms. Let /3 > a > 0, and let Dq be a domain in M.^ with 
compact and smooth boundary. Write 

D = DoX M"-'^ = {xe M" : (xi, . . . , x^) G Do}. 
Suppose that (3* is as in (13. ip . First we will prove some estimates of the Wp-noim 
of a solution. Let / be a solution of (II. 3p on D*^'^^ with the generalized boundary- 
condition (I1.7P on dD \ G. Fix < r' < r" < /3* and estimate ||/|| iypi(A*>'--(-r',T'))- 
Let : [r', r"] — )■ (0, oo) be a Lipschitz function such that 

(4.1) ip{r') = l, tP{T") = 0. 

We choose 

1 for \t\ < t', 

V^(|t|) for t' < \t\ < t". 

The function ^{x) = (f){pl{x)) is admissible in Definition 11.61 for 

U = A*^\-t",t"). 

As in (12. 9 p we may by (II. 9p write 

J riPli^f - C) (^(x, V/) , n) dW 

= j {A{x, V/) ,y{<f{pl{x))U - C)) ) d-H^ . 

A*.fc(-r",r") 

By the construction of 0, (14. ip and (14. 2p . the surface integral is equal to zero, and 
we have 

r{pl{x)){A{x,Vf),Vf) dU" 

A*.'=(-t",t") 



Thus by ([LSD 



in—l 



-P J <P''-\pl{x)) if - C) {A{x, V/) , W<P{pl{x)) ) dH- . 

A*.'=(-r",r") 



(4.3) j <f>^{pl{x))\Vf\Pdn'' 

A*.'=(-t",t") 

< P^2 I <f-\pl{x)) 1/ - C\ \Vfr' \V<P{pl{x))\ dW 

A*.'=(-r",r") 

Now we note that 

|V0(p^(x))| = |0'(p*(^))l 
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and by the Holder inequality 

A*.'=(-t",t") 

= / ^'-\vl{x)) \vfr' W{vl{x))\ 1/ - c\ du- 

A*''--(-r",T") 

A*.fc(-r",r") A*.'=(-T",r") 

From this inequality and (14. 3 p we obtain 



A*>fe(-r',T') A*.*(-t",t") 

Because = 1 on A*''^(— r', r') we have the following inequality: 

(4.4) z/f j \Vf\^dH^<fvl j \i,\pl{xW\f-C\^dVr. 

A*.ft(-r',r') A*.*(-T",T")\A*'fe(-T',r') 

Next we will find 



mm 

A*.'=(-T",T")\A*.ft(-T',T') 



where the minimum is taken over all if) in (14. 2p . We have 

/ W{pl{xW\f-c\^dn- 



— r 

1 W{T)\^dr j \f{x)-C\^dH--' 



+ j \ij'{T)\PdT j |/(X) -C|PrfH"-^ 
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and 



(4.5) min 



/ 



\^i^'{pi{xw\m-c\^dH^ 



A*,fc(-T",T")\A*.'=(-T',T') 

-r' 



<min J \^'{T)\PdT J \f{x)-C\PdK'-^ 



-t" a*:k{T) 
t" 



+ min j \ilj'{r)\PdT j - C|^' d?^""^ = A + A2 . 

r' (T*.'=(r) 

Because by the Holder inequality 

t" t" 

1 < W{t)\ drX < j \^P\T)rdT j \f{x) - C^dW-^ 



X 



(T*.*(t) 

dr(^ j \f{x)-C\^dn 

t' a*.'=(r) 



1/(1-P)' 



p-1 



we have 



r" 

Jdr(^ J \f{x)-C\PdH^-'-^ 



V(i-p)' 



o-*.'=(r) 



1-p 



< J \^l;'ir)\^dr J \f{x)-C\^dn^-\ 



and hence 



t" 

j ^^iy j \f{^)-C\''dW-^ 



1-p 



■T' a*'''{T) 

It is easy to see that here the equality holds for a special choice of ■0. Thus 

i-p 



J J \fi.x)-C\PdK'-^ 
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From (14. 51) we obtain 



dri j \f{x)-C\^dK'-^ 

(T*>''-(r) 



1/(1-P)' 



l-p 



mm 



I 



W{pl{xW\f-c\^dw 



< I dr 



\fix)-C\Pd'H''-^ 



i/(i-p)' 



CT*''^ (r) 



+ 



l-p 



t" 

jdrl^ I \f{x)-C\^d'H--'^ 



l-p 



cr*'^(T) 



By using (14.41) we obtain the inequality: 



p ^ — 

-^2 



iVf^^dW < 



A*.*(-t',t') 



-t' 

J dr(^ J \f{x) -Cl^d'H''-'^ 



+ 



dr ( / \f{x) 

(T*'^{t) 

dri I \fix) 

(T*.'={t) 



-ci^dn 



l-p 



l-p 



where C is an arbitrary constant. From this we obtain 



(4.6) 



A*.fe(-r',r') 



"^^y J \fix)-cfdn''-^ 

dr(^ j \f{x)-C\^dW^^ 



l-p 



1-p- 



where Cj = 2jP{u2/i'iY . 
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Similarly, for the solutions of the ^-Laplace equation with the boundary condition 
( II. lip we may prove that 



A*>fe(-r',r') 



+ 



o-*,fc{r) 



1-p 



1-p 



It follows that 



(4.7) j \V f\P dn"" <C7 max 

A*>fe(-T',T') 



dri j \f{x)\^dW-^ 

cr*,fc(T) 



l/(l-p)' 



1-p 



l/(l-p)' 



l-p> 



Phragmen-Lindelof type theorems I. We prove Phragmen-Lindelof type theo- 
rems for cylindrical domains. Let k = n — 1. Fix a domain Dq in M""^ with compact 
and smooth boundary. Consider the domain 

D = DqxR = {x eW : (xi, . . . , Xn-i) e Do}. 



Let /o : D — i- M be a generalized solution of (11. 3p with (II. ip and (ll.2p satisfying the 
boundary condition (II. 7p on dD. 

Fix /3 > a > 0, and let /3* be as in (13. ip . Let /(x) = /o(x — /3*en), where is the 
n:th unit coordinate vector, and let < r' < r" < /3* < oo . By (14. 6 p 



|V/|^rf?/" < Cymax 



A*.'^(-t",t") 



dri j \f{x)-C\PdW-^ 

■-t"-1 (j*."-1(t) 



1/(1-P)' 



1-P 



t"+1 

y"rfr(^ 1 \f{x)-C\^dK'-'^ 



i/(i-p)' 



o-*'"-l(r) 



l-p> 
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By using (13.61) we obtain from this the inequahty: 



h{-r\T) < Cymax 



r" + l 



dr 



\f{x)-c\pdn 



-t"-1 o-*."-l(r) 



1-p 



o-*>"-1(t) 



1-p- 



X max < exp 



^ / fip{a*'^-\T))dT ,exp [ f,p{a*'^-\T))dr 

^2 J \ I ^2 J 



We observe that in this case 

(4.8) /z,(a*'"-i(r)) =/x,(a"-i(0)), 

and hence 



T 

I fi,{a*'-\T)) dr = /x,(a"-i(0))(r" - r') . 



It follows that 



(4.9) /2(-r',r') < Cymax 



-t" 



i/(i-p)' 



-t"-1 (t*."-1(t) 



1-p 



r r" + l 



\fix)-c\pdn 



(T*."-1(t) 



X exp 



l-p> 



-l^/i>""i(0))(r"-r') 

^^2 



By letting /3, r" — )■ +oo we obtain the following statement: 

4.10. Theorem. Fix a domain Dq in M.""^^ with compact and smooth boundary. Let 

D = L)o X M = {x G M" : (xi, . . . , x„„i) G Dq}, 

and let f : D ^ be a generalized solution of (II. 3p with (II. ip and (II. 2p satisfying 
the boundary condition (II. 7p on SD. If for a constant C the right side of (14. 9 P (^oes 
to as r" —7- oo, t/ien / = const on Z). 
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Similarly for a solution / of (11. 3p with (11. ip and f ll.2p . satisfying the boundary 
condition ( II .lip we may write 



(4.11) /2(-r',r') < Crmax 



dr 



\f{x)\^dvr-' 



r" + l 



dr 



■-r"-l (7*'"-l(r) 



1-p 



\fix)\pdn 



X max < exp 



1^2 







,exp 


[--/ 




1^2 J 



However here we do not have any identity similar to (14. 8p . We have: 

4.12. Theorem. Fix a domain Dq in MJ^^^ with compact and smooth boundary. Let 

D = DoxR = {x : (xi, . . . , x„_i) e Do}, 

and let f : D ^ M. be a generalized solution of (II. 3p with (II. ip and (II. 2p satisfying the 
boundary condition (II. lip on dD. If the right side of (14. lip tends to as r" oo, 
then f = on dD. 

If f{x) = everywhere on dD, then an identity similar to (14. 8 p holds in the 
following form: 



(4.13) 

As above, we find 



Ay^(a*'"-i(r)) ^ X'J'ia-^O)) 



(4.14) J2(-r',r') < Crmax 



drl / |/(x)|^'rf?^"-i 



t"+1 



dr 



-t"-1 (7*'"-l(r) 



|/(a;)rrfH"-i 



i-p 



(T*'"-1(t) 



X exp 



-Ay^(a"-i(0))(r"-r') 



Thus we obtain: 

4.15. Corollary. Fix a domain Dq in with compact and smooth boundary. Let 

D = DoxR = {x : {xi, x^-i) G Dq}, 
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and let f: D — )■ M 5e a generalized solution of ( \1.3\\ with (11. ip and { \1.2\\ satisfying the 
boundary condition / = on dD. If the right side of fl4.14p tends to as t" ^ oo, 
then f = const on dD. 

Phragmen-Lindelof type theorems II. We prove Phragmen-Lindelof type theo- 
rems for canonical domains of an arbitrary form. Let 1 < k < n — 1. We consider a 
domain 



D = DnX 



nn — k 



{xeW: {xi,...,Xk) eDo}, 



where Dq is a domain in M.^ with compact and smooth boundary. Let / be a gener- 
alized solution of (II. 3p with (11. ip and (II. 2p satisfying the boundary condition (II. 7p 
on dD. 

Fix To > 0. Let tq < r' < r" < oo . By (14. 6 p we may write 



j \Vf\PdW < Cg j dr(^ j - C\Pdn''-' 



T-)k 
0,r' 



(r) 



1-p 



where Cg = C7/2. As in (13. 6p we obtain from (12. 2p the estimate 

t' 

j \\/f\'dW< j iV/l^c/?^" exp J fipia^r)) dr 

By combining these inequalities we obtain 



(4.16) / |V/|Pc/7{" < 



j-)k 



t" 

JdT(^ J |/(x)-Crrf7^"-^j 

t' <Tfe(T) 



1/{1-P)' 



1-p 



X exp 



r 

^^2 J 



TO 



The inequality (I4.16P holds for arbitrary constant C and every r" > r'. Thus the 
following statement holds: 

4.17. Theorem. Let f : D be a generalized solution of (II. Sp with (II. ip and (II. 2p 

satisfying the boundary condition (ll.7p on 1 < /c < n — 1. If for a constant C 
the right side of (I4.16p tenets to as r', r" — )• +00, i/ien / = const on 
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If / satisfies (11 .Sp with (11. ip . (II. 2p and the boundary condition (II. lip on dD, then 
we have 



/r f r \ V(i-p) 

\WfYdW<Ci, dri / \f{x)\PdW-^\ 

0,rQ ^ -' 



1-p 



X exp 



r 



TO 



We obtain: 



4.19. Theorem. Fix a domain Dq in MJ' , where 1 < k < n — 1, with compact and 
smooth boundary. Let 

D = DoX M"-'^ = {xe M" : {xi, . . . , x^) G Dq}, 

and let f : D ^ M. be a generalized solution of (II. 3p with (II. ip and (\1.2\] satisfying 
the boundary conditions (II. lip on dD. If for a constant C the right side of (I4.18P 
tends to as r', r" — )■ +oo, then / = on D. 
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